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Abstract
The equation is considered for a composite scalar particle with
polarizabilities in an external quantized electromagnetic plane wave.
This equation is reduced to a system of equations for infinite number
of interacting oscillators. After diagonalization, we come to equa-
tions for free oscillators. As a result, exact solutions of the equation
for a particle are found in a plane quantized electromagnetic wave
of the arbitrary polarization. As a particular case, the solution for
monochromatic electromagnetic waves is considered. The relativistic
coherent states of a particle are constructed in the case of the Poisson
distribution of photon numbers. In the limit when the average photon
number < n > and the volume V of the quantization trend to infinity
(but the photon density < n > /V remains constant), the wavefunc-
tion converts to the solution corresponding to the external classical
electromagnetic wave.
1 Introduction
In this work we find and investigate exact solutions of the equation for com-
posite scalar particles (for example pions, kaons or charged composite Higgs
bosons H±) which possess electromagnetic polarizabilities in the external
quantized plane electromagnetic wave of arbitrary polarization. It should
be noted, however, that the notion of an external electromagnetic field in
the relativistic theory is limited. In [1-3] some exact solutions were consid-
ered for a scalar particle in the field of the static uniform electric, magnetic
fields, the monochromatic classical and quantized electromagnetic wave. It
is important to study the general case of an interaction of charged composite
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scalar particles with strong non-monochromatic laser waves with an arbitrary
polarization. For point-like scalar and spinor particles such solutions were
derived in [4-6]. In our case we can investigate the effects which are con-
nected with the interaction of external electromagnetic waves with charges
distributed inside of a composite particles. Considering the quantized exter-
nal electromagnetic waves allow us to take into account the interaction of a
particle and photons with arbitrary frequencies and polarizations. Here we
describe a particle and electromagnetic field quantum-mechanically. This is
the most general and important case which can be compared with the semi-
classical approaches. We interpret the complex, which consists of a particle
and some number of photons as a quasi-particle. This is an analog of the
state of an electron in the field of the crystal lattice. The solutions obtained
can be used in different calculations of probabilities of composite scalar par-
ticle scattering processes in the field of quantized electromagnetic waves. We
notice that some processes, however, can not be considered in the framework
of one-particle theory.
Section 2 contains the discussion of the conserved quantum numbers for
an arbitrary external quantized electromagnetic wave. The solution of the
equation, momentum and mass for a particle in the field of a classical plane
electromagnetic wave are considered in section 3. In Sec. 4 we find wave-
function of a composite particle in a quantized plane electromagnetic wave
with arbitrary polarization. The momentum and mass of a particle in a
plane quantized electromagnetic wave is studied in Sec. 5. Section 6 con-
tains the solution of the equation for the particular case of monochromatic
plane waves. In Sec. 7 the coherent states of a particle are investigated when
the average number of photons 〈n〉 and quantization volume V go to infinity.
In this limit the wavefunction transforms to the solution of the equation for
a particle in the external classical electromagnetic wave. Sec. 8 contains a
conclusion.
We use units in which h¯ = c = 1.
2
2 An arbitrary external quantized electromag-
netic wave
The Lagrangian of a composite scalar particle interacting with electromag-
netic field is given by [1]
L = −(D+µ ϕ∗)(Dνϕ) (δµν −Kµν)−m2effϕ∗ϕ, (1)
where m is the rest mass and m2eff = m
2
(
1− βF 2µν/ (2m)
)
is the squared
effective mass of a particle, Dµ = ∂µ − ieAµ, D+µ = ∂µ + ieAµ, ∂µ = ∂/∂xµ,
xµ = (x, ix0), x0 ≡ t is the time, e is a charge, Aµ is the vector potential of the
external electromagnetic field, Kµν = (α + β)FµαFνα/m, Fµν = ∂µAν−∂νAµ
is the strength tensor, and α, β are electric and magnetic polarizabilities of a
particle, respectively. From the Lagrangian (1) we find the equation for the
wavefunction of a composite scalar particle
D2µϕ−Dµ [Kµν (Dνϕ)]−m2effϕ = 0. (2)
Equation (2) is a generalization of a Klein-Gordon equation on the case of a
composite scalar particle. This equation was obtained [7] using the instanton
vacuum model (that is QCD-motivated) and the phenomenological approach
[8].
Using the general expression for the density of the electric current
jµ = −i
(
∂L
∂(∂µϕ)
ϕ− ∂L
∂(∂µϕ∗)
ϕ∗
)
,
we find from Eq. (1)
jµ = i(ϕD
+
ν ϕ
∗ − ϕ∗Dνϕ) (δµν −Kµν) . (3)
The last term in Eq. (3) contributes to the usual current density of a point-
like scalar particle. This contribution is due to the charge distribution inside
of a composite scalar particle. The vector potential of the quantized electro-
magnetic field can be chosen in the form [9]
Aµ =
∑
k,s
esµ√
2k0V
[
c−kse
i(kx) + c+kse
−i(kx)] , (4)
where esµ = δsµ are two unit polarization vectors (s = 1, 2 ), kµ = (k, ik0)
is a wavevector with the properties (e1k) = (e2k) = k
2 = k2 − k20 = 0
3
and k0 is the photon energy, V = L
3 is the normalizing volume (L is the
normalizing length). The creation c+ks and annihilation c
−
ks operators satisfy
the commutation relations [c−ks, c
+
k′s′] = δkk′δss′. The scalar product of four-
vectors is defined as (kx) = kx − k0x0. We consider in (4) an arbitrary
number of modes N of electromagnetic waves.
As noted in [10], the energy-momentum tensor of a hole system is the
sum of tensors of energy-momentum of electromagnetic fields and particles,
and the last are considered as non-interacting particles. Thus, we introduce
the operator of the total four-momentum of the particle-photon system as
follows
Qˆµ = −i∂µ +
∑
k,s
kµ
(
Nks +
1
2
)
, Nks = c
+
ksc
−
ks, (5)
where Nks is the operator of the photon number corresponding to the four-
momentum kµ and polarization vector esµ. As the operator Qˆµ commutes
with the covariant derivative Dµ, i.e. [Qˆµ, Dν ] = 0, an eigenvalue of the
operator Qˆµ is the integral of motion. As a result, the wavefunction of a
particle in the external quantized electromagnetic field, ϕ, obeys as Eq. (2)
and the following equation
Qˆµϕ = qµϕ, (6)
where qµ is an eigenvalue of the operator Qˆµ. We will look for the solution
of Eqs. (2), (6) which corresponds to the definite four-momentum qµ of a
particle-photon system. It is convenient to choose the replacement as follows
ϕ = U1Φ, U1 = exp

−i
∑
k,s
(kµxµ)
(
Nks +
1
2
)
 . (7)
The operator U1 is the unitary operator so that U
+
1 U1 = 1. From Eqs.
(5)-(7) we find
− i∂µΦ = qµΦ. (8)
The solution to Eq. (8) is given by
Φ = exp{i(qµxµ)}χ, (9)
where the function χ does not depend on the coordinates xµ and depends
only on photon variables. As a result the general solution to Eqs. (2) and
(6) can be written as
ϕ = Uχ, U = exp{i(qµxµ)}U1. (10)
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The function χ obeys the equation
U+D2µUχ− U+Dµ [Kµν (DνUχ)]−m2χ = 0, (11)
where U+ is the Hermitian conjugated operator:
U+ = exp

−i

(qµxµ)−∑
k,s
(kµxµ)
(
Nks +
1
2
)

 . (12)
We took into consideration that for electromagnetic waves with the vector
potential (4) F 2µν = 0 (and therefore meff = m).
Using the operator identity
U+c±ksU = exp {±(kµxµ)} c±ks, (13)
we find
U+DµU = i

qµ −
∑
k,s
kµ
(
Nks +
1
2
)
− e∑
k,s
esµ√
2k0V
[
c−ks + c
+
ks
]
 , (14)
U+FµνU = i
∑
k,s
kµesν − kνesµ√
2k0V
[
c−ks − c+ks
]
. (15)
It is convenient to use the coordinate representation for the operators c−ks,
c+ks [9]:
c−ks =
1√
2
(
ξks +
∂
∂ξks
)
, c+ks =
1√
2
(
ξks − ∂
∂ξks
)
. (16)
In this representation the operator of the photon number becomes
Nks =
1
2
(
ξ2ks −
∂2
∂ξ2ks
− 1
)
. (17)
Then the wavefunction χ, which obeys Eq. (11), depends on photon
variables ξks.
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3 A classical plane electromagnetic wave
Equation (2) has exact solutions for a particle moving in the classical plane
electromagnetic wave [1]. The vector potential of a plane electromagnetic
wave depends only on ϑ = kµxµ, i.e. Aµ = Aµ(ϑ), so that the Lorentz
condition ∂µAµ = 0 is valid. For such a potential Eq. (2) takes the form(
∂2µ − 2ieAµ∂µ − e2A2µ −Wkµkν(A′α)2∂µ∂ν −m2
)
ϕ(x) = 0, (18)
where W = (α + β)/m, A′α = ∂Aα/∂ϑ. The solution to Eq. (18) can be
represented as
ϕ(x) = exp(ipx)χ(ϑ), (19)
where px = pµxµ, pµ is the momentum of a free particle so that p
2 = −m2.
Using Eq. (19) we arrive from Eq. (18) at
2i(pk)χ′(ϑ) +
[
2e(Ap)− e2A2 +W (kp)2(A′)2
]
χ(x) = 0. (20)
After integration of Eq. (20), the wavefunction (19) takes the form
ϕ(x) = C exp
{
i(px) + i
∫ kx
0
[
e(Ap)
(kp)
− e
2A2
2(kp)
+
1
2
W (kp)(A′)2
]
dϑ
}
. (21)
The normalization constant C can be chosen as C = 1/
√
2. From Eq. (3)
taking into account the solution (21) we find the current density of a com-
posite scalar particle
jµ = pµ − eAµ + kµ
[
e(Ap)
(kp)
− e
2A2
2(kp)
− 1
2
W (kp)(A′)2
]
. (22)
The last term in Eq. (22) came from the charge distribution inside of a
composite scalar particle. For point-like particle W = 0, and this term is
absent.
Using solution (21), it is easy to find also the density of kinetic momentum
of a particle Pµ in the state ϕ. Taking into consideration the operator of
kinetic momentum [11] Pˆ = −i∂µ − eAµ, we find
Pµ ≡ ϕ∗ (−i∂µ − eAµ)ϕ− ϕ (i∂µ + eAµ)ϕ∗ =
pµ − eAµ + kµ
[
e(Ap)
(kp)
− e
2A2
2(kp)
+
1
2
W (kp)(A′)2
]
. (23)
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If Aµ(ϑ) is a periodic function, the mean value of Aµ(ϑ) equals zero, Aµ(ϑ) =
0. Then averaging Eq. (23) on time, we arrive at the mean value of the kinetic
momentum density of a composite particle
P µ = pµ − kµ
[
e2A2
2(kp)
− 1
2
W (kp)(A′)2
]
. (24)
From Eq. (24) we find
P
2
µ = −m2∗, m2∗ = m2 + e2A2 −W (kp)2(A′)2, (25)
where m∗ is the effective mass of a composite particle in the field of a classical
electromagnetic wave. When we neglect the polarizabilities of a particle, i.e.
W = 0, we come to the known expression [11]. The total momentum of the
particle-photon system (see Eq. (5)) can be represented as follows
qµ = Pµ +Rµ, (26)
where Rµ is the four-momentum of photons (the electromagnetic field) inter-
acting with a particle. In the framework of one-particle theory both variables
Pµ, Rµ are the integrals of motion (see also [6]).
4 Plane quantized electromagnetic waves
For our purposes, we will use the approximation of a plane wave when the
momenta of photons are parallel to the direction κµ = (κ, iκ0) so that κ
2 =
κ20, κ0 = 2π/L and kµ = nκµ, where n is an integer positive number n =
1, 2, ..., N . All frequencies of photons are taken into consideration here. In
the case of the monochromatic wave only one term survives in the sum of
Eq. (4). For a plane electromagnetic wave we have instead of Eq. (4) the
following vector potential
Aµ =
N∑
n=1
2∑
s=1
esµ√
2nκ0V
[
c−kse
in(κx) + c+kse
−in(κx)] . (27)
Taking into account Eqs. (13)-(17) and (27), equation (11) is transformed
to {∑
n,s
n
(
∂2
∂ξ2ns
− ξ2ns
)
+
1
(qκ)
(∑
n,s
bsµ√
n
ξns
)2
− 2∑
n,s
αs√
n
ξns
7
− W (qκ)
e2
(∑
n,s
bsµ
√
n
∂
∂ξns
)2
+
q2 +m2
(qκ)
}
χ(ξ) = 0, (28)
where we use the notations
bsµ = besµ, b =
e√
κ0V
, αs =
(qbs)
(qκ)
, W =
α + β
m
, (29)
and the scalar products (qκ) ≡ qµκµ, q2 = q2µ and so on. Taking into consid-
eration the equality bsµbs′µ = b
2δss′ and introducing
M =
q2 +m2
(qκ)
, δ =
b2
(qκ)
, γ =
W (qκ)2
e2
δ, (30)
Eq. (28) is converted into
2∑
s=1
{ N∑
n=1
n
(
∂2
∂ξ2ns
− ξ2ns
)
+ δ
(
N∑
n=1
ξns√
n
)2
− 2αs
N∑
n=1
ξns√
n
− γ
(
N∑
n=1
√
n
∂
∂ξns
)2
+M
}
χ(ξ) = 0. (31)
Variables with different polarization index s = 1, 2 are separated in equa-
tion (31), and, therefore, we can look for a solution to Eq. (31) in the form
χ(ξ) = f1(ξ)f2(ξ), where the function fs(ξ) obeys the equation
{ N∑
n=1
n
(
∂2
∂ξ2ns
− ξ2ns −
2αs√
n
ξns
)
+ δ
(
N∑
n=1
ξns√
n
)2
− γ
(
N∑
n=1
√
n
∂
∂ξns
)2
+ εs
}
fs(ξ) = 0 (32)
with the condition M = ε1 + ε2. Equation (32) represents the system of
interacting oscillators. To avoid the term in Eq. (32) which is linear in ξns
and to have the unit coefficient at the second derivatives we made the linear
transformation
zns =
ξns√
n
+ ans (33)
with the constraint
n2ans − αs − δ
N∑
m=1
ams = 0. (34)
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It is easy to find the following solution to Eq. (34)
ans =
αs
n2 (1− δσN ) , (35)
where
σN = 1 +
1
22
+ ...+
1
N2
.
In the case of infinite number of modes of quantized electromagnetic waves
(N →∞) σN → σ∞ = π2/6. In new variables (33) Eq. (32) takes the form
{ N∑
n=1
(
∂2
∂z2ns
− n2z2ns
)
+ δ
(∑
n
zns
)2
− γ
(
N∑
n=1
∂
∂zns
)2
+
α2sσN
1− δσN + εs
}
fs(z) = 0. (36)
It is convenient to rewrite equation (36) as follows:
{∑
n,m
[
(δnm − γ) ∂
2
∂zns∂zms
−
(
n2δnm − δ
)
znszms
]
+
α2sσN
1− δσN + εs
}
fs(z) = 0. (37)
Eq. (37) still describes the system of interacting oscillators. To diagonalize
Eq. (37) let us introduce the matrices A, B, C and D in N-dimensional
space:
A = I − γC, B = D − δC,
C =


1 1 . 1
1 1 . 1
. . . .
1 1 . 1

 , D =


1 0 . 0
0 22 . 0
. . . .
0 0 . N2

 (38)
with the matrix elements Anm = δnm − γCnm, Bnm = Dnm − δCnm, Dnm =
n2δnm; I is the unit matrix. Using matrices (38) Eq. (37) is converted into
equation
{(
∂
∂z
)T
A
∂
∂z
− (z)T Bz + α
2
sσN
1− δσN + εs
}
fs(z) = 0, (39)
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where ∂/∂z, z are the columns, and (∂/z)T , (z)T are the rows of variables
∂/∂zns, zns (n = 1, 2, ..., N). Two quadratic forms for derivatives and coor-
dinates in Eq. (39) can be diagonalized by the linear transformation
z = Py, A′ = P−1A
(
P−1
)T
, B′ = P TBP, (40)
where P−1P = 1 and P T is the transposed matrix. Transformations (40)
with diagonal matrices A′ and B′ guarantee that Eq. (39) becomes diagonal
and variables yk will be separated. Transformations (40) mean the transition
to normal variables yns which describe non-interacting oscillators. With the
help of this variables we construct creation c¯+ks and annihilation c¯
−
ks operators
of non-interacting quasi-photons
c¯−ks =
1√
2
(
yks +
∂
∂yks
)
, c¯+ks =
1√
2
(
yks − ∂
∂yks
)
.
Then Eqs. (40) are equivalent to Bogolubov’s transformations (see also [6]).
It follows from Eq. (40) that the matrix A−1 transforms under the transfor-
mation z = Py like the matrix B:
(
A−1
)′
= P TA−1P. (41)
Thus, to find a matrix P we should solve the characteristic equation [12]
det
(
B − λ2A−1
)
= 0. (42)
Solutions to Eq. (42) λ2n (n = 1, 2, ..., N) are eigenvalues, so that BPn =
λ2nA
−1Pn or ABPn = λ2nPn, where Pn (N -dimensional columns) are eigenvec-
tors. At P -transformations matrices B and A−1 (and A) can be diagonalized
simultaneously so that (see [12])
(
∂
∂z
)T
A
∂
∂z
=
(
∂
∂y
)T
∂
∂y
≡
N∑
n=1
∂2
∂y2ns
, (z)T Bz =
N∑
n=1
λ2ny
2
ns. (43)
From definitions (38) we obtain the following relationships
C2 = NC, A2 = I + γ (γN − 2)C, A−1 = I + γ
1− γN C, (44)
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where N is the number of modes. Taking into account equalities (44) we find
from Eq. (42) the characteristic equation as follows
N∏
m=1
(
m2 − λ2
) [
1−
(
δ +
γλ2
1− γN
)
N∑
n=1
1
n2 − λ2
]
= 0. (45)
It should be noted that by considering infinite number of modes, N →∞,
and as a result (δ + γλ2/(1− γN)) → δ. So, in this case electromagnetic
polarizabilities α, β does not enter Eq. (45) and we come to the equation
for point-like particle (see [4]). As a result, the interaction of composite
scalar particles and the electromagnetic waves with the infinite number of
modes is similar to the interaction of scalar point-like particles. To extract
the effect of composite structure of scalar particles we have to consider few
number of modes or monochromatic photons when the ratio γλ2/(1 − γN)
is not negligible. The formula (45) has the singularity at γN = 1 , and is
valid when γN 6= 1. Indeed, at γN = 1 we have from Eq. (44) A2 = A. It
means that eigenvalues of the matrix A are 1 and 0 (because A (A− 1) = 0)
and, therefore, the matrix A is a projection matrix which does not have the
inverse matrix. We skip this special case. Below we analyze two cases: (i)
γN ≪ 1, (ii) γN ≫ 1.
At e = 0 (δ = 0) and γ = 0 we come to non-interacting oscillators, and
the solution to Eq. (45) is λ2n = n
2 (n = 1, 2, ..., N). So eigenvalues λn are,
as usual, integer numbers. In our case δ and γ are small values (at V →∞,
δ → 0), and, thus, we have for eigenvalues λn some small corrections to
integer numbers n. Then Eq. (45) is reduced into(
δ +
γλ2
1− γN
)
N∑
n=1
1
n2 − λ2 = 1. (46)
Eq. (46) defines the energies of quasi-photons.
Let us consider the following cases:
I. γN ≪ 1. Approximate solutions to Eq. (46) can be looked for as the
expansion λ2n−n2 in the small parameters δ, γ. We leave only terms in order
of δ, δ2, γ, γδ and neglect the higher powers δ3, γ2 γδ2 and so on. As a
result, we put
λ2n = n
2 − anδ − bnδ2 − cnγ − dnγδ. (47)
After replacing expression (47) into Eq. (46), with the accepted approx-
imation, we obtain the coefficients an, bn, cn, dn as follows:
an = 1, bn = ρn, dn = 2n
2ρn − 1, cn = n2,
11
ρn =
N∑
m=1,m6=n
1
m2 − n2 (n = 1, 2, ..., N). (48)
The sum in Eq. (48) includes all terms besides the one with m = n.
Formulas (47), (48) define N approximate, in the small parameters δ, γ
eigenvalues λ2n which are the solutions of Eqs. (42), (45), (46). The parameter
γ characterizing the internal structure of a scalar particle (electromagnetic
polarizabilities) occurring eigenvalues λ2n.
Now we consider the particular cases of external quantized electromag-
netic fields:
1) Two monochromatic electromagnetic waves, N=2.
In this case n = 1, 2, and from Eq. (48) we find eigenvalues
λ21 = 1− δ −
1
3
δ2 − γ + 1
3
γδ,
λ22 = 4− δ +
1
3
δ2 − 4γ + 11
3
γδ. (49)
2) Three monochromatic electromagnetic waves, N=3.
The eigenvalues λ2n (n = 1, 2, 3), found from Eq. (48), are given by
λ21 = 1− δ −
11
24
δ2 − γ + 1
12
γδ,
λ22 = 4− δ +
2
15
δ2 − 4γ + 31
15
γδ,
λ23 = 9− δ +
13
40
δ2 − 9γ + 137
20
γδ. (50)
II. γN ≫ 1. In this case using the known sum [13]
∞∑
n=1
1
n2 − λ2 =
1
2λ
(
1
λ
− π cot πλ
)
, (51)
Eq. (45) reduces to (see [4])
(
2λ2 − δ
)
sin πλ+ δπλ cosπλ = 0. (52)
With the accuracy in order of δ2 the solution to Eq. (52) is given by
λn = n− δ
2n
− δ
2
2n3
. (53)
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In this case, there is not an effect of composite structure of a scalar particle
and we arrive at the electromagnetic interaction of a scalar point-like particle.
Therefore, this case is not of our interest.
Now we find the matrix P which diagonalizes simultaneously matrices
A−1 and B in accordance with formulas (40), (41). To find the eigenvectors
Pn of the matrix AB (ABPn = λ
2
nPn), let us define the adjoint matrix P
which is the solution of the matrix equation(
B − λ2A−1
)
P = det
(
B − λ2A−1
)
. (54)
Matrix elements of P are minors of the det (B − λ2A−1) [12]. If λ2 are
roots of the characteristic equation (42) (λ = λn) then columns (Pn, n =
1, 2, ..., N) of the matrix P are eigenvectors, so that (B − λ2nA−1)Pn = 0.
The calculation of minors mentioned gives matrix elements of the matrix P
as follows:
Pnm =
vm
n2 −m2 , (55)
where coefficients vm can be found by the constraints
P TA−1P = 1, P TBP =‖ λ2nδnm ‖≡


λ21 0 . 0
0 λ22 . 0
. . . .
0 0 . λ2n

 . (56)
As the matrix A−1 is positive-defined, the conditions (56) can be satisfied
[12]. The first equality P TA−1P = 1 leads to
vnvk
(
Σnk +
γ
1− γNΣnΣk
)
= δnk, (57)
Σnk =
N∑
m=1
1
(m2 − λ2n) (m2 − λ2k)
, Σn =
N∑
m=1
1
m2 − λ2n
. (58)
It easy to verify that Eq. (57) at n 6= k satisfied because in accordance
with Eq. (46) Σn = (1− γN) / [δ (1− γN) + γλ2n]. At n = k Eq. (57) allows
us to find vn as follows
vm =
√
1− γN
(1− γN) Σmm + γΣ2m
. (59)
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Practically the second term in Eq. (57) is smaller then the first term due
to the small factor γ. Therefore, at the approximate calculations, taking into
consideration small parameters β and γ, we can neglect the term γΣ2m in Eq.
(59).
The second equation in (56) is also satisfied taking into account Eqs. (55),
(59). So, the transformations (40), with the matrix P (55) and coefficients
(59), diagonalize the matrices A and B simultaneously according to Eq. (56).
After the transformations (40) with the matrix (55), and taking into
consideration Eq. (43), equation (39) becomes
{ N∑
n=1
(
∂2
∂y2ns
− λ2ny2ns
)
+
α2sσN
1− δσN + εs
}
fs(y) = 0. (60)
The variables yns in Eq. (60) are separated and the finite normalized
solution at yks →∞ is given by
fs(y) =
N∏
k=1
fks(y), fks(y) =
√√√√ √λk√
π2nknk!
Hnk
(√
λkyks
)
exp
(
−λky
2
ks
2
)
,
(61)
where Hnk
(√
λkyks
)
are the Hermite polynomials [12]. The eigenvalues εs
obey the equality
εs =
N∑
k=1
εks − α
2
sσN
1− δσN ,
εks =
(
2n
(s)
k + 1
)
λk, n
(s)
k = 1, 2, .... (62)
Eq. (62) gives the energy of quasi-photons. The quantum number n
(s)
k is
an integer and means the number of quasi-photons with the polarization s
corresponding to the k-th mode.
5 Momentum and mass of a particle in plane
quantized electromagnetic wave
Using the relationM = ε1+ε2 and Eq. (30), we find the momentum squared
of the particle-photon system
q2 = (qκ) (ε1 + ε2)−m2. (63)
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This is the dispersion relation for the momentum qµ of a particle-photon
system. Let us introduce the momentum of a particle as follows:
pµ = qµ − 1
2
κµ (ε1 + ε2) . (64)
Using equation (63) and equality κ2 = 0 it is easy to see that pµ obeys
the relation for the momentum of a free particle
p2 = −m2. (65)
From Eqs. (62), (64) we come to the expression for the momentum qµ of
a particle-photon system
qµ = pµ + κµ
[
N∑
k=1
λk
(
n
(1)
k + n
(2)
k + 1
)
− (α
2
1 + α
2
2)σN
2 (1− δσN )
]
. (66)
According to Eqs. (47), (48) eigenvalues λ2k are given by
λ2k = k
2 − δ − ρkδ2 − k2γ −
(
2k2ρk − 1
)
γδ. (67)
From Eq. (67) we derive approximate (at small δ, γ up to the orders
O(δ2), O(γδ)) values λk:
λk = k − ǫk,
ǫk =
1
2k
δ +
1 + 4k2ρk
8k3
δ2 +
k
2
γ +
4k2ρk − 1
4k
γδ. (68)
Let us introduce the quasi-momentum of a scalar particle (see Eq. (26))
Pµ which is a difference between a momentum of a particle-photon system
(total momentum) qµ, a momentum of photons in the quantized electromag-
netic wave
Pµ = qµ − κµ
N∑
k=1
k
(
n
(1)
k + n
(2)
k + 1
)
, (69)
where kµ = kκµ is the momentum of a photon. Then from Eqs. (29), (30),
(66), (68), (69) we arrive at
P 2 = −m2 − b2
N∑
k=1
1
k
(
n
(1)
k + n
(2)
k + 1
)
− γ(Pκ)
N∑
k=1
k
(
n
(1)
k + n
(2)
k + 1
)
−b4
N∑
k=1
[
4k2ρk + 1
4(Pκ)k3
+
W (Pκ) (4k2ρk − 1)
2e2k
] (
n
(1)
k + n
(2)
k + 1
)
15
− b
2 [(Pe1)
2 + (Pe2)
2] σN
(Pκ)− b2σN , (70)
where W = (α + β)/m. We took into account that according to Eq. (69)
(qκ) = (Pκ). Equation (70) represents the dispersion relation for a quasi-
momentum Pµ of a scalar composite particle. The second and third terms in
the right side of Eq. (70) contribute to the mass of a composite particle. So,
the effective mass of a scalar particle is given by
m2∗ = m
2 +
e2
κ0V
N∑
k=1
1
k
(
n
(1)
k + n
(2)
k + 1
)
+
W (Pκ)2
κ0V
N∑
k=1
k
(
n
(1)
k + n
(2)
k + 1
)
. (71)
For the vacuum state n
(1)
k = n
(2)
k = 0, and at N → ∞, we have the
divergence sums in Eq. (71) which approach to zero when the volume of the
quantization V → ∞. In the classical case the average number of photons
〈n(s)〉 → ∞ and the volume V → ∞ but the ratio 〈n〉/V , where 〈n〉 =
〈n(s)〉 remains the constant. Within this limitation, creation and annihilation
operators are replaced by the c-numbers in accordance with relations
c−ks =
(
n
(s)
k
)1/2
exp(iϑks), c
+
ks =
(
n
(s)
k
)1/2
exp(−iϑks), (72)
where ϑks is the phase of the classical electromagnetic wave. Then Eq. (27)
represents the Fourier transformation of the classical electromagnetic plane
wave. It is easy to verify that Eq. (71) agrees with Eq. (25) at classical limit.
Two last terms in equation (70) at V →∞ and 〈nk〉/V =const trend to zero
and do not contribute to the mass in the case of classical electromagnetic
waves. These terms do not vanish only for quantized waves at the constant
volume V . Thus, for the classical case, the quasi-momentum of a scalar
composite particle obeys the relation P 2 + m2∗ = 0. The term in Eq. (70)
containing the parameter γ (electromagnetic polarizabilities) contributes to
the mass of a composite scalar particle. At classical limit this additional
term does not vanish.
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6 Monochromatic quantized electromagnetic
wave
Let us consider the particular case when the main contribution to the sum of
electromagnetic potential (27) comes from the definite number n, such that
the four-momentum of all photons is kµ = nκµ. Then Eq. (27) becomes
Aµ =
2∑
s=1
esµ√
2k0V
[
c−s e
i(kx) + c+s e
−i(kx)] . (73)
and Eq. (32) is transformed to
{[
1−W (qk)a2
] ∂2
∂ξ2s
−
[
1− e
2a2
(qk)
]
ξ2s
− 2e(qas)
(qk)
ξs + εs
}
fs(ξ) = 0, (74)
where χ(ξ) = f1(ξ)f2(ξ), and for convenience we use new notations asµ =
esµ/
√
k0V , a
2
sµ = a
2, and eigenvalues εs obey the following equation:
q2 +m2
(qk)
= ε1 + ε2. (75)
After introducing the variables
ζs =
τ(ξs + σs)
c1/4
, τ 4 = 1− e
2a2
(qk)
, σs = e
(qas)
τ 4(qk)
, c = 1−W (qk)a2,
(76)
Eq. (74) is rewritten as(
∂2
∂ζ2s
− ζ2s + νs
)
fs(ζ) = 0, (77)
where
νs =
τ 4σ2s + εs
τ 2
√
c
. (78)
The normalized and finite at ζs →∞ solution to Eq. (77) is given by
fs(ζ) =
1
π1/42n/2(n!)1/2
Hn (ζs) exp
(
−ζ
2
s
2
)
(79)
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with the condition νs = 2ns + 1, and ns = 1, 2, ..., where ns means the
number of photons with polarization s. This equality leads with the help of
Eqs. (75), (78) to the total squared momentum of a particle-photon system
q2 = −m2 + 2τ 2(qk)
[√
c(n1 + n2 + 1)− τ
2(σ21 + σ
2
2)
2
]
. (80)
From Eq. (80) we find the four-vector of a total momentum
qµ = pµ + τ
2kµ
[√
1−W (pk)a2(n1 + n2 + 1)− τ
2(σ21 + σ
2
2)
2
]
, (81)
where p2µ = −m2, (pk) = (qk) and pµ is a momentum of a free scalar particle.
Taking into consideration the smallness of the parameter W = (α + β)/m,
we can write
√
1−W (pk)a2 ≃ 1 −W (pk)a2/2. As a result, Eq. (81) takes
the form
qµ = q
pl
µ − τ 2kµ
W (pk)a2
2
(n1 + n2 + 1),
qplµ = pµ + τ
2kµ
[
(n1 + n2 + 1)− τ
2(σ21 + σ
2
2)
2
]
. (82)
The value qplµ is the total momentum of a system of point-like scalar
particle interacting with ns (s = 1, 2) photons. It follows from Eq. (82) that
electromagnetic polarizabilities contribute to the total momentum.
With the help of Eqs. (7), (10), (17) we write out the final solution to Eq.
(2) for composite scalar particles in the external quantized electromagnetic
wave:
ϕ (x, ξ) =
(
π2n1+n2n1!n2!
)−1/2
exp
{
i
[
(qk) +
1
2
(kx)
2∑
s=1
(
∂2
∂ξ2s
− ξ2s
)]}
×Hn1 (ζ1)Hn2 (ζ2) exp
[
−1
2
(
ζ21 + ζ
2
2
)]
. (83)
7 Coherent states
For simplicity, let us consider the case of a liner polarization of an electro-
magnetic wave. Then the polarization index s = 1 and solution (83) and
total momentum of a system (82) become
ϕn (x, ξ) =
(
π1/22nn!
)−1/2
exp
{
i
[
(qk) +
1
2
(kx)
(
∂2
∂ξ2
− ξ2
)]}
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×Hn (ζ) exp
(
−1
2
ζ2
)
, (84)
qµ = pµ + τ
2kµ
[(
1− W (pk)a
2
2
)
(n +
1
2
)− τ
2σ2
2
]
, (85)
where we omitted the polarization index. The variable n in Eqs. (84), (85)
is the number of linearly polarized photons.
The wavefunction (84) describes a charged scalar composite particle with
the arbitrary phase of the wave interacting with n external photons. Because
in wavefunction (84) we have two different arguments ξ and ζ let us make
the expansion [15]
Hn (ζ) exp
(
−1
2
ζ2
)
=
∞∑
m=1
βnmHm (ξ) exp
(
−1
2
ξ2
)
, (86)
where the coefficients βnm can be calculated from the relationship
βnm =
1√
π2mm!
∫ ∞
−∞
dζHn
(
ζ
)
Hm
(
ξ
)
exp

−ζ
2
+ ξ
2
2

 , (87)
where ζ = τ(ξ + σ)/c1/4. Using the property of the oscillator wavefunction
[16] (
ξ2 − ∂
2
∂ξ2
)
Hn (ξ) exp
(
−1
2
ξ2
)
= (2n+ 1)Hn (ξ) exp
(
−1
2
ξ2
)
, (88)
we derive taking into account (86) the wavefunction (84):
ϕn (x, ξ) = N0
∞∑
m=1
exp
{
i
[
(qk)− 1
2
(kx) (2m+ 1)
]}
βnmHm (ξ) exp
(
−1
2
ξ2
)
,
(89)
where N0 =
(
π1/22nn!
)−1/2
. The result of interacting a scalar particle with
a quantized electromagnetic field is that the solution (89) represents the
superposition of the oscillator wavefunctions with all quantum numbers m.
For noninteracting particle, the charge e = 0, electromagnetic polarizabilities
α = β = 0 (W = 0), and parameters take the values τ = 1, σ = 0, c = 1. As
a result ζ = ξ, βnm = δnm and wavefunction (89) has only one term with the
definite n. To calculate the sum in equation (89), we use the relation [16]
∞∑
m=0
zm
2mm!
Hm(x)Hm(y) =
1√
1− z2 exp
[
2xyz − (x2 + y2)z2
1− z2
]
. (90)
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Replacing expression (87) into Eq. (89), and using Eq. (90), we arrive at
ϕn (x, ξ) = N0
√
z
π (1− z2) exp
[
i(qk)− ξ
2(z2 + 1)
2(1− z2)
]
×
∫ ∞
−∞
dξHs(ζ) exp

−ζ
2
2
− ξ
2
(z2 + 1)− 4ξξz
2(1− z2)

 , (91)
where z = exp [−i (kx)], ζ = τ(ξ + σ)/c1/4. With the help of the generating
function [16]
∞∑
m=0
tm
m!
Hm(x) = exp
(
−t2 + 2tx
)
, (92)
we can evaluate the integral in Eq. (91), and we find (see also [15])
ϕn (x, ξ) = N0
√√√√2z [1 + z2 − τ 2(1− z2)/c1/2]n
[1 + z2 + τ 2(1− z2)/c1/2]n+1 Hn
(
τ [σ(1 + z2) + 2zξ] c1/4
[c(1 + z2)2 − τ 4(1− z2)2]1/2
)
× exp

i(qk)−
ξ2
[
(z2 − 1)c1/2 − τ 2(z2 + 1)
]
− 4ξτ 2σz − τ 2σ2(z2 + 1)
2 [(1 + z2)c1/2 + τ 2(1− z2)]

 .
(93)
Wavefunction (93) corresponds to the charged scalar composite particle
interacting with n external photons possessing four-momentum kµ.
As Eq. (2) is a linear equation, the combination of solutions (93) with
different filling numbers n and phases is also the solution of Eq. (2). The
distribution of phases and quantum numbers n can be arbitrary. The very
important case is the coherent wave when the state reduces the uncertainty
relations for coordinates and momentum to a minima. The coherent state is
described by the Poisson distribution of the filling numbers n.
The wave packet for the Poisson distribution of the photon numbers n is
given by the sum [17]
ϕ〈n〉(x, ξ) = exp
(
−1
2
〈n〉
) ∞∑
n=0
1√
n!
〈n〉n/2ϕn(x, ξ), (94)
where 〈n〉 is the average photon number, and we put the phase to be zero
[15].
Replacing Eq. (93) into Eq. (94), taking into consideration Eq. (85) and
using the properties of Hermite polynomials, we arrive at the wavefunction
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for coherent state with the average photon number 〈n〉 to be present in the
volume V :
ϕ〈n〉(x, ξ) =
π−1/4c1/4
√
2z√
(1 + z2)
√
c+ τ 2(1− z2)
exp
{
−〈n〉
2
+i
[
(px) +
τ 2
2
(√
c− τ 2σ2
)
(kx)
]
+ 2−1
[√
c(1 + z2) + τ 2(1− z2)
]−1
×
[
ξ2
[√
c(z2 − 1)− τ 2(z2 + 1)
]
− 4ξτ 2σz − τ 2σ2(z2 + 1)
− 〈n〉
z2τ2
√
c
[√
c(1 + z2)− τ 2(1− z2)
]
+
2
√
2
zτ2
√
c
√
〈n〉τc1/4
[
σ(1 + z2) + 2zξ
] ]}
.
(95)
The variables τ , a, and σ contain the volume of the quantization of elec-
tromagnetic waves V . At the particular case when electromagnetic polariz-
abilities α = β = 0 (W = 0, c = 1), we arrive at the case of pointlike scalar
particles (see [15]).
Consider the classical case when the number of photons n and the vol-
ume V go to infinity but the photon density 〈n〉/V remains constant. The
coherent states describe the wave packet which is localized at the point
ξ0 =
√
2〈n〉 [17, 18], where wavefunction (95) does not vanish. Taking into
account that aµ = eµ/
√
k0V is a small parameter and expanding the vari-
ables τ 2 ≃ 1− e2a2/2(pk), √c ≃ 1−W (pk)a2/2, we arrive at the limit of the
expression (95) (〈n〉/V =const):
ϕ(x) = lim
〈n〉→∞
ϕ〈n〉(x, ξ) = π−1/4 exp
{
−
(
ξ −
√
2〈n〉
)2
2
+i
[
(px) +
e(pa1)
(pk)
sin(kx)− e
2a21
4(pk)
(
(kx) +
1
2
sin 2(kx)
)
− Wa
2
1(pk)
4
(
(kx)− 1
2
sin 2(kx)
) ]}
, (96)
where a1µ = aµ
√
2〈n〉. Wavefunction (96) is the product of the oscillator
eigenfunction for the ground state [18]
ϕosc = π
−1/4 exp

−
(
ξ −
√
2〈n〉
)2
2

 , (97)
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and the solution to Eq. (2) in the field of the classical linearly polarized
electromagnetic wave [1]:
ϕcl(x) = exp i
[
(px) +
e(pa1)
(pk)
sin(kx)
− e
2a21
4(pk)
(
(kx) +
1
2
sin 2(kx)
)
− Wa
2
1(pk)
4
(
(kx)− 1
2
sin 2(kx)
) ]
, (98)
where the average energy density of the coherent electromagnetic wave is
k20a
2
1/2 = k0〈n〉/V .
8 Conclusion
The exact solutions of the equation for a composite scalar particle (pion
or kaon) in the field of a plane quantized electromagnetic wave have been
obtained. For the case of the monochromatic wave, we have studied the
coherent states with the Poisson distribution of the photon number. When
the filling number approaches to infinity with the constant density of photons,
the wavefunction is converted into the solution for a composite particle in the
classical electromagnetic wave. The solutions obtained can be used for the
investigation of the behavior of pions in strong electromagnetic fields where
nonperturbative effects are essential. The case of quantized electromagnetic
fields is important when the photon number is not large enough and there is
an interaction of a particle with separate photons. The found wavefunction
of a composite scalar particle can be applied for solving complex problems
when the semiclassical approach does not work.
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